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Abstract
We present a noncommutative gauge theory that has the ordinary Standard Model as
its low-energy limit. The model is based on the gauge group U(4) × U(3) × U(2) and is
constructed to satisfy the key requirements imposed by noncommutativity: the UV/IR
mixing effects, restrictions on representations and charges of matter fields, and the cancel-
lation of noncommutative gauge anomalies. At energies well below the noncommutative
mass scale our model flows to the commutative Standard Model plus additional free U(1)
degrees of freedom which are decoupled due to the UV/IR mixing. Our model also predicts
the values of the hypercharges of the Standard Model fields.
1 Introduction
One of the most novel and intriguing aspects of noncommutative gauge theories1 is the
UV/IR mixing in which the physics of high-energy degrees of freedom affects the physics
at low energies [4, 5]. Gauge theories on spaces with noncommuting coordinates,
[xµ, xν ] = iθµν , (1.1)
arise naturally as low-energy effective theories from string theory and D-branes, but they
are also known to be extremely restrictive and difficult to use in particle physics model
building due to a number of field-theoretical constraints imposed by noncommutativity:
1. the UV/IR mixing [4, 5] and decoupling of U(1) degrees of freedom [6, 7];
2. the gauge groups are restricted to U(N) groups [8, 9];
3. fields can transform only in (anti-)fundamental, bi-fundamental and adjoint repre-
sentations2 of the gauge groups [10, 11, 12];
4. the charges of matter fields are restricted to 0 and ±1, and this makes it difficult to
give fractional electric charges to the quarks [13];
5. gauge anomalies cannot be cancelled in a chiral noncommutative theory, hence the
anomaly-free theory must be vector-like [13, 10, 14].
The authors of Ref. [15] made an important step in noncommutative model building
by proposing a noncommutative model which satisfies criteria 2, 3 and 4. Their model
has the noncommutative gauge group U(3)×U(2)×U(1) with matter fields transforming
only in (bi-)fundamental representations, and remarkably, it predicts the hypercharges of
the Standard Model. In many respects their model is similar to the bottom-up approach
of [16] to the string embedding of the Standard Model in purely commutative settings.
Unfortunately, the noncommutative U(3) × U(2) × U(1) model of [15] is affected by the
UV/IR mixing which causes the U(1) hypercharge sector to decouple.
The motivation of this paper is to construct a noncommutative embedding of the
Standard Model which satisfies all the requirements listed above. The model is based on
the gauge group U(4)×U(3)×U(2) with matter fields transforming in noncommutatively
allowed representations. In the infrared the gauge group is spontaneously broken to the
Standard Model group by a Higgs mechanism. We need a larger gauge group than the
authors of [15] in order to incorporate the UV/IR mixing effects, yet remarkably we still
find the correct values of the hypercharges for all the fields of the Standard Model.
1For reviews of noncommutative gauge theories and an extensive list of references see [1, 2, 3].
2For example consider the rank-2 tensor representation, tij(x) of U(N). The gauge transformation
would be tij(x) → U ii′ ∗ U jj′ ∗ ti
′j′ . Because of the noncommutativity, this breaks the closure property,
(tU )V = tU∗V .
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Noncommutative field theories are defined by replacing the ordinary products of all
fields in the Lagrangians of their commutative counterparts by the star-products
(φ ∗ ϕ)(x) ≡ φ(x) e i2θµν
←
∂µ
→
∂ν ϕ(x) . (1.2)
In this way noncommutative theories can be viewed as field theories on ordinary commu-
tative spacetime. For example, the noncommutative pure gauge theory action is
SYM[A] = − 1
2g2
∫
d4x Tr(Fµν ∗ Fµν) , (1.3)
where the commutator in the field strength also contains the star-product.
The UV/IR mixing in noncommutative theories arises from the fact that due to
Eq. (1.2) certain Feynman diagrams acquire factors of the form eikµθ
µνpν (where k is an
external momentum and p is a loop momentum) compared to their commutative counter-
parts.3 At large values of the loop momentum p, the oscillations of eikµθ
µνpν improve the
convergence of the loop integrals. However, as the external momentum vanishes, k → 0,
the divergence reappears and what would have been a UV divergence is now reinterpreted
as an IR divergence instead. This phenomenon of UV/IR mixing is specific to noncom-
mutative theories and does not occur in the commutative settings where the physics of
high energy degrees of freedom does not affect the physics at low energies.
Some of the earlier work on the phenomenology of noncommutative theories and on the
noncommutative Standard Model (e.g. [17]) Taylor expands the exponential vertex factors
which misses the physics of the UV/IR mixing. By Taylor-expanding the star-products
in the Lagrangian, one obtains the action of the standard commutative theory plus an
infinite number of θ-dependent higher-derivative terms. At an energy-scale below the
noncommutativity scale, k2 ≪ 1/θ, the higher-derivative terms correspond to irrelevant
operators. One would naively expect that in the deep infrared one can simply drop all
the effects due to irrelevant operators. This would imply that the noncommutative and
the corresponding commutative theories belong to the same universality class, i.e. in the
infrared their behaviour is identical. Classically the two theories are, in fact, identical in
this regime. But at quantum level, this universality is broken due to the UV/IR mixing.
The main point we are making, following [6, 4, 5] is that the effects of oscillating phases
eikµθ
µνpν in Feynman diagrams can never be reproduced by the power-expansion in θ.
Because of the breakdown of universality described above, one cannot apply the con-
ventional picture and simply decouple completely the UV and IR sectors [4]. However,
one can still calculate the Wilsonian effective action by integrating out the high-energy
degrees of freedom and keeping track of the UV/IR mixing effects – following the approach
initiated in [6].
The UV/IR mixing introduces new infrared divergencies into certain sectors of gauge
theories on noncommutative spaces. In particular, this leads to quadratic and logarithmic
3As it is customary in noncommutative literature, we will call these diagrams nonplanar. At the same
time, the diagrams in which all the phase factors eikµθ
µνpν cancel, are called planar diagrams.
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IR divergencies in the polarisation tensor of U(1) gauge fields, [5] which alter the dispersion
relation of the photon. Fortunately, in a supersymmetric theory all quadratic divergences
cancel and we are left only with logarithmic divergences [5, 6].
The remaining logarithmic divergencies were interpreted in [6, 7] as new contributions
to the change of slope of the running coupling constant of the U(1) sector of U(N) gauge
theories. In [7] the low-energy Wilsonian effective action for a large class of noncommu-
tative supersymmetric theories was calculated and the results showed that the UV/IR
mixing occurs only for the U(1) degrees of freedom which decouple (becoming unobserv-
able) leaving a theory which at low energies looks like a safe commutative SU(N) theory.
A similar decoupling between U(1) and SU(N) components of U(N) was also observed
in [9] for the one-loop gluon propagator in noncommutative QCD.
The conclusion one can draw from this is that it is conceivable to embed a commutative
SU(N) theory, such as e.g. QCD or the weak sector of the Standard Model into a
supersymmetric noncommutative theory in the UV, but some extra care should be taken
with the QED U(1) sector. It is, in fact, pretty clear that the UV/IR mixing makes it
impossible to interpret a noncommutative U(1) theory as an ultraviolet embedding of
ordinary QED. The low-energy theory emerging from the noncommutative U(1) theory
will become free in the extreme IR k2 → 0 (rather than just weakly coupled) and in
addition will have other pathologies. When supersymmetric theories are softly-broken
down to N = 0 non-logarithmic IR divergences can re-appear. Models with the U(1)
gauge group have been analysed [18, 19, 20] and tachyons can only be avoided if the
model has N = 4 supersymmetry; even in this case the tachyons are avoided at the
expense of giving a mass to the photon and fine tuning is required to keep this below
experimental limits. The prospects for phenomenologically acceptable versions of such
models looks bleak.
It is becoming pretty clear that the only realistic way to embed QED into noncommu-
tative settings is to recover the electromagnetic U(1) from a traceless diagonal generator
of some higher U(N) gauge theory. The trace-U(1) part of this theory will decouple in
the IR due to IR/UV mixing effects, and a traceless diagonal generator can give U(1) as
well as some non-Abelian U(n) factors in favourable settings. So it seems that in order
to embed QED into a noncommutative theory one should learn how to embed the whole
Standard Model.
In the following section we will show how the UV/IR mixing leads to the decoupling of
the overall U(1) factors from the gauge groups in the infrared. (It should be noted however,
that this decoupling is logarithmic and hence, slow.) In section 3 we will introduce the
model, calculate the hypercharges, and discuss the gauge-, the fermion- and the Higgs-
sectors. We will also outline how to cancel all the gauge anomalies by extending the
model.
The model presented in this paper is one example of how the Standard Model can be
embedded into a microscopic noncommutative gauge theory. One particularly interesting
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future direction would be to find a realistic supersymmetric version which would exhibit
a dynamical supersymmetry breaking. This is motivated by the UV/IR-decoupled U(1)
degrees of freedom which provide a natural candidate for the hidden sector of dynamical
supersymmetry breaking, as explained in [21].
2 UV/IR Mixing and the Decoupling of U(1)
In this section we will briefly recall how the UV/IR mixing effects in U(N) noncommu-
tative gauge theory lead to a decoupling of the overall U(1) factor at energies below the
noncommutative mass scale MNC ∼ θ−1/2. Some more technical details related to our
treatment of the UV/IR mixing are assembled in the Appendix which repeats the line of
reasoning initiated in [6, 7].
We will first consider an unbroken U(N) noncommutative theory with all matter fields
transforming in the adjoint representation of the gauge group. The UV/IR mixing effects
are present in the U(1) sector, but do not affect the SU(N) degrees of freedom, such that
the leading order terms in the derivative expansion of the Wilsonian effective action read
[7]:
Leff = − 1
2g2
U(1)
(k)
TrF U(1)µν F
U(1)
µν −
1
2g2
SU(N)
(k)
TrF SU(N)µν F
SU(N)
µν + · · · , (2.1)
and the dots stand for terms involving matter fields and higher-derivative corrections.
The multiplicative coefficients in front of the gauge kinetic terms in (2.1) define effective
coupling constants of the corresponding gauge factors at momentum scale k. In the
infrared we have effectively a matrix of U(N) coupling constants:
1
g2
U(N)(k) [N2]×[N2]
=
1
g2
U(1)(k)
⊕ 1
g2
SU(N)(k)
1l[N2−1]×[N2−1] (2.2)
The running of the SU(N) gauge coupling at 1-loop level is given by the same standard
expression as in the commutative case,
(4pi)2
g2
SU(N)
(k)
= b0 log k
2 , (2.3)
where b0 is the first coefficient of the beta-function of the SU(N) gauge theory. At the
same time, the running of the U(1) gauge coupling has the asymptotic behaviour [6]:
(4pi)2
g2
U(1)
(k)
→ b0 log k2 , as k2 →∞ , (2.4)
(4pi)2
g2
U(1)
(k)
→ −b0 log k2 , as k2 → 0 , (2.5)
4
U(1)
SU(N)
U(N)
MNCm
1
g2
ln(k)
Figure 1: The running of the couplings in a softly-broken N=1 theory with one chiral
multiplet in the adjoint representation.
with the same b0 as in (2.3).
It follows from (2.3),(2.4),(2.5) that the two effective coupling constants are identical
in the UV and run in opposite directions in the IR as a result of the UV/IR mixing
affecting the U(1) sector [6, 7]. This leads to a breakdown of noncommutative U(N)
gauge symmetry, U(N) → U(1) × SU(N), at momentum scales k ≤ MNC ∼ θ−1/2. The
U(1) degrees of freedom become weakly coupled and approach a free theory, gU(1) → 0,
as k → 0. The remaining SU(N) degrees of freedom are described, at energies below
MNC , by the standard commutative gauge theory. At the same time, in the UV region,
k ≫MNC , the full noncommutative U(N) gauge invariance is restored.
To illustrate these results, Figure (1) shows how the coupling varies in a softly-broken
N = 1 supersymmetric gauge theory with one chiral multiplet of mass m transforming
in the adjoint representation of U(N). As can be seen from the graph, in the infrared
regime of the theory, the gauge boson associated with the U(1) have decoupled [7].
It is worthwhile to note that what we have described here is a dynamical breakdown
of noncommutative U(N) at low energies, which is induced by different slopes of the
running coupling constants. It is expected that when the higher derivative interactions
are included in (2.1), the full noncommutative U(N) gauge invariance will be recovered
at the level of the effective action.4 More precisely, effective actions involving Wilson
lines [22, 23, 24] can be written down which are explicitly gauge invariant [25, 26, 27] and
which reduce to (2.1) when higher-derivative terms are dropped.
4This, however, does not affect our conclusions about the different slopes in the running couplings and
the decoupling of the U(1).
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We will now summarise the consequences of the UV/IR mixing for more general cases
relevant to considerations in this paper. First, one can include Nf flavours of matter
fields transforming in the fundamental representation5 of the gauge group, and, second,
the gauge group U(N) can be spontaneously broken to U(n) at a scale m, so that some
of the gauge bosons and matter fields become massive.
In the UV region, the theory is a noncommutative U(N) and there is a single coupling
constant,
(4pi)2
g2
U(N)(k)
→ bU(N)Nf0 log k2 , as k2 →∞ . (2.6)
Here b
U(N)Nf
0 is the 1-loop coefficient of the beta function of the microscopic U(N) theory
with Nf fundamental flavours.
6 In the IR region, two things happen: the trace U(1)
factor decouples below the noncommutative mass, and also, all the massive degrees of
freedom freeze at momentum scales below their masses,
1
g2
U(N)(k)
→ 1
g2
U(1)(k)
⊕ 1
g2
SU(n)(k)
1l[n2−1]×[n2−1] (2.7)
where
(4pi)2
g2
SU(n)
(k)
→ bSU(n)0 log k2 , (2.8)
(4pi)2
g2
U(1)
(k)
→ −(2bU(N)Nf=00 − bU(N)Nf0 ) log k2 , as k2 → 0 . (2.9)
The UV/IR mixing affects only the U(1) coupling and, hence, the first equation (2.8) takes
the standard commutative and recognizable form. However, the U(1) coupling is affected
by the UV/IR mixing and leads to the slope in the IR given by −2bU(N)Nf=00 + bU(N)Nf0 as
follows from (2.9). This expression for the slope follows the fact that the θ-dependent
phase factors cancel in Feynman diagrams involving fundamental fields propagating in
the loop [13] and do not cancel for adjoint fields in the loop.
Running couplings 1
g2(k)
of noncommutative U(1) (supersymmetric) theories were first
derived and plotted over the full range of the momentum scale k in [6]. Our expressions
in (2.6),(2.9) are in agreement with those results in the asymptotic regions k2 →∞ and
k2 → 0. It should be noted that expressions such as (2.9) are valid in the extreme infrared,
at finite values of k2 comparable to various mass scales in the theory, the coupling changes
slopes.
In a non-supersymmetric, or softly broken supersymmetric gauge theory there are ad-
ditional non-logarithmic sources of the UV/IR mixing effects which modify the dispersion
5We recall that the only representations allowed in a noncommutative gauge theory are adjoint, (anti)-
fundamental and bi-fundamental ones. As we have already included adjoint representations, and since bi-
and anti-fundamental representations are essentially the same as fundamental ones, to cover the general
case it is sufficient to add just fundamental representations.
6b
U(N)Nf
0
takes the same value as in the corresponding commutative SU(N) theory.
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relation for (decoupled) the U(1) gauge field. Following [19], it can be shown that these
contributions can be rendered harmless as long as two conditions are met. Firstly, for
each fermion in the adjoint representation, there is a gauge field or complex scalar that
is also in the adjoint representation (and vice-versa). This condition removes quadratic
IR divergencies from the U(1) polarisation tensor. Secondly the sum of the mass squared
for the adjoint fermions must be less or equal than the sum of the mass squared for the
complex scalars and the gauge bosons. If this condition is satisfied, there are no tachyons
in the decoupled U(1) gauge sector.
In the model that we outline in the next section, we can satisfy both these conditions
hence the only consequence of the UV/IR mixing is that the U(1) degrees of freedom
decouple in the extreme infrared. Even though the decoupling is only logarithmic, in
this paper we will always assume that these trace-U(1) degrees of freedom are completely
decoupled and are essentially unobservable at low-energies. In much of what will follow
the overall U(1) factors of all three U(N) gauge groups considered below will be dropped
at energies much below the noncommutative scale relevant to the commutative Standard
Model. The effects of these overall trace U(1) degrees of freedom will be discussed in
future work [33].
3 The Noncommutative Standard Model
As was mentioned earlier, all fields in a Noncommutative Gauge Theory must transform in
the adjoint, fundamental, anti-fundamental or bi-fundamental representations. We assign
the fields to the representations shown in table (1) and note that, unlike in the Standard
Model, no field is charged under more than two groups. All the matter fermion fields come
in three generations (which is not indicated explicitly in the table), and furthermore, the
table will be extended in section 3.3.
As can been seen from the table, we have introduced three bi-fundamental Higgs
fields, φAC¯, φCB¯, φBA¯ and a fundamental φB compared to the Standard Model’s single
fundamental Higgs. We note that unlike in [15] the scalar Higgs fields in our model
are proper fields defined on the noncommutative space. Just like all other fields in the
model, Higgs fields appear in the Lagrangian with the star-products. This is different
from ”Higgsac” fields used in [15]. The latter have been shown to violate unitary [28].7
The scalar potential (discussed in section 3.5) will induce the following VEV structure:
〈φCB¯〉 =


0 0 0
0 0 0
0 0 0
0 0 a

 〈φBA¯〉 =

v˜ 00 0
0 b

 〈φAC¯〉 =
(
0 0 0 0
0 0 0 c
)
〈φB〉 =

0v
0

 (3.1)
7These problems have recently been addressed by utilizing semi-infinite Wilson lines in [29].
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Field UC(4) UB(3) UA(2) Hypercharge
eR  -2
νR 0
lL =
(
νL eL
) −
  -1
uR 
−
 +43
dR  −23
qL =
(
uL dL
)

−
 +13
Cµ 
−
 0
Bµ 
−
 0
Aµ 
−
 0
φB  1
φCB¯ 
−
 +13
φBA¯ 
−
 1
φAC¯
−
  −43
Table 1: Representations for various fields in the theory
The scalar potential will mean that the VEVs a, b c are much larger that v and v˜ which
will turn out to be the electroweak breaking scale.
The gauge bosons for the groups UC(4), UC(3) and UC(2) are respectively: C
p
µ (p =
0..15), Bqµ (q = 0..8) and A
r
µ (r = 0..3). So, for example, φB which transforms as
φB → U ∗ φB U ∈ UB(3) (3.2)
will have a covariant derivative:
Dµ ∗ φB = ∂µ ∗ φB + igBBqµtq ∗ φB (3.3)
and its Hermitian conjugate which transforms in the anti-fundamental, i.e.
φ†B → φ†B ∗ U−1 U ∈ UB(3) (3.4)
will have a covariant derivative:
Dµ ∗ φ†B = ∂µ ∗ φ†B − igBφ†B ∗Bqµtq (3.5)
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In the following discussion we will neglect the generator of the trace U(1) of each group
(C0µ, B
0
µ and A
0
µ) for simplicity. These generators will decouple at low-energies from the
effective commutative Standard Model due to UV/IR mixing.
It should be noted however that the decoupling of the trace U(1) factors from the
SU(N) degrees of freedom in the IR is logarithmic g2
U(1) ∝ 1/ log k2 → 0, and hence the
U(1) fields are decoupling slowly. It may well happen that the effects of these extra U(1)
degrees of freedom are not negligible and even important [33] for the low-energy physics at
small non-vanishing momenta. In the rest of this paper and in particular in Section 3.1,
for simplicity of presentation, we will always assume that these U(1) degrees of freedom
have completely decoupled from the low-energy effective theory.
3.1 The Gauge Sector
We start with the product of the three gauge groups, UA(2) × UB(3) × UC(4). Their
couplings are denoted as gA, gB, and gC, and their generators are
1
2
σA, 1
2
λB, and 1
2
TC
respectively. The vacuum expectation value for φCB¯ will partially break the gauge group.
The covariant derivative is
Dµ〈φCB¯〉 = ∂µ〈φCB¯〉+
i
2
gCC
p
µT
p ∗ 〈φCB¯〉 −
i
2
gB〈φCB¯〉 ∗Bqµλq (3.6)
where, as mentioned earlier we have neglected the trace-UC(1) and UB(1) fields C
0
µ and
B0µ due to their decoupling at low energies caused by the UV/IR mixing. It is in principle
straightforward to incorporate these trace-U(1) fields in the analysis, but we will not
pursue this in the present paper. The SU(4) generators 1
2
T 1...15 are listed in Appendix B
and the SU(3) generators 1
2
λ1...8 are taken to be the 1
2
Gell-Mann matrices.
The (Dµ〈φCB¯〉)† (Dµ〈φCB¯〉) term in the Lagrangian will contain diagonal mass-terms:
a2
4
(
g2
C
(
(C9µ)
2 + (C10µ )
2 + (C11µ )
2 + (C11µ )
2 + (C13µ )
2 + (C14µ )
2
)
+g2
B
(
(B4µ)
2 + (B5µ)
2 + (B6µ)
2 + (B7µ)
2
)) (3.7)
and non-diagonal mass-terms:
a2
4
(
3
2
g2
C
(C15µ )
2 +
4
3
g2
B
(B8µ)
2 − 2
√
(2)gBgCB
8
µC
15
µ
)
(3.8)
If we rotate to a new basis:(
M1µ
M2µ
)
=
(
cos θCB sin θCB
−sin θCB cos θCB
)(
C15µ
B8µ
)
(3.9)
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where
cos θCB =
√
2gB√
2g2
B
+ 9
4
g2
C
sin θCB =
3
2
gC√
2g2
B
+ 9
4
g2
C
(3.10)
Then M1µ will be massless but M
2
µ will acquire a mass so, out of the U(4) × U(3) that
we start with, the following gauge bosons are still massless: C1..8µ (which we will identify
with the SU(3)C of the Standard Model, B
1..3
µ (which we will identify with SU(2)L) and
M1µ.
The covariant derivative for φBA¯ will lead to a term involving its vacuum expectation
value. Because v˜ << b (in equation (3.1)) we will temporarily set v˜ → 0
Dµ〈φBA¯〉 = ∂µ〈φBA¯〉+
i
2
gBB
q
µλ
q ∗ 〈φBA¯〉 −
i
2
gA〈φCB¯〉 ∗ Arµσr (3.11)
where the SU(2) generators 1
2
σr are the usual 1
2
Pauli matrices. However, B8µ = sin θCBM
1
µ+
cos θCBM
2
µ so ignoring the massive gauge bosons we have:
Dµ〈φBA¯〉 = ∂µ〈φBA¯〉+
i
2
gBB
q
µλ
q ∗ 〈φBA¯〉+
i
2
g0M
1
µλ
8 ∗ 〈φBA¯〉 −
i
2
gA〈φCB¯〉 ∗ Arµσr (3.12)
where g0 = gBsin θCB and now q, r = 1..3.
The resulting diagonal mass-terms will be:
b2
4
(
g2
A
(
(A1µ)
2 + (A2µ)
2
))
(3.13)
and the remaining mass-terms are:
b2
4
(
g2
A
(A3µ)
2 +
4
3
g20(M
1
µ)
2 − 4√
3
g0gA(A
3
µ)(M
1
µ)
)
(3.14)
We can diagonalise these by writing:(
Yµ
M3µ
)
=
(
cos θBA sin θBA
−sin θBA cos θBA
)(
A3µ
M1µ
)
(3.15)
where
cos θBA =
√
3gA√
3g2
A
+ 4g20
sin θBA =
3
2
gC√
3g2
A
+ 4g20
(3.16)
The field labelled Yµ is the gauge boson for a massless U(1) and will be identified with
the hypercharge whilst the M3µ field has acquired a mass.
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If we now calculate which gauge degrees of freedom are given a mass by φAC¯ it will
turn out that no massless degrees of freedom acquire a mass; the gauge group is broken
no further. In particular the Yµ field remains unchanged.
To summarise, after decoupling the trace-U(1) factors the group SUC(4) has been
broken to SU(3)× U(1), SUB(3) has been broken to SU(2)L × U(1) and UA(2) has been
broken to U(1). All of these U(1) factors arise from traceless generators of SU groups.
Furthermore, only one linear combination of these three traceless U(1)’s remains massless.
This single U(1) group will now be identified with the hypercharge of the Standard Model.
3.2 Hypercharges
The hypercharge for each particle is determined by the representation of the particle under
the microscopic gauge groups. The ideas in this section follow [16, 15] but because of our
unusual gauge-group (U(4)× U(3)× U(2)) the details differ.
The coupling of the right handed electron (c.f table 1) to the hypercharge is determined
by:
e¯Rγ
µDµeR =e¯Rγ
µ∂µeR +
i
2
gAe¯Rγ
µeRA
3
µσ
3 +
i
2
gAe¯Rγ
µ[eR, A
3
µ]σ
3 (3.17)
e¯Rγ
µ∂µeR +
i
2
gAe¯Rγ
µeRsin θBAYµσ
3 (3.18)
We have ignored the [eR, A
3
µ] term as we are considering scales well below the non-
commutative scale. The coupling between Yµ and the particle in the first row of the
U(2) doublet is therefore gAsin θBA. This should be proportional to the hypercharge,
−2g′ where we define g′ ≡ 1
2
gAsin θBA to be the coupling to the hypercharge. With this
definition, the hypercharge of all the other particles in the model is now fixed.
The right-handed down quark transforms in the fundamental of UC(4):
d¯RγµDµdR = d¯Rγµ∂µdR +
i
2
gCd¯RγµdRT15C
15
µ + ... (3.19)
Writing C15µ = cos θCBM
1
µ − sin θCBM2µ and then M1µ = cos θBAYµ − sin θBAN3µ then
the term that will determine the coupling is:
i
2
gC d¯Rγ
µdRT15cos θCBcos θBAYµ (3.20)
So the coupling for the right-handed down quark (for all except the fourth particle in
11
the multiplet) is:
YdR =
gC√
6
cos θCBcos θBA (3.21)
Using equations (3.10) and (3.16) we find
YdR
g′
= −2
3
i.e. the Standard Model value.
We can calculate the hypercharges of the other particles in an analogous fashion. For
example the multiplet of left-handed leptons has a term which can be written (ignoring
massive fields):
=
i
2
ψ¯lLγµψ
l
L(gAσ
3A3µ − gsstBB8µλ8) (3.22)
=
i
2
ψ¯lLγµψ
l
L(gAσ
3sin θBAYµ − gsstBλ8sin θCBM1µ)
=
i
2
ψ¯lLγµψ
l
L(gAσ
3tan θBAcos θBA − gsstBλ8sin θCBcos θBA)Yµ
So the hypercharge of the left-handed leptons will be:
YψlL
g′
=
(
gAtan θBA − gsstB√3 sin θCB
)
cos θBA
1
2
gAcos θBAtan θBA
(3.23)
= −1
The hypercharges of the other fields is listed in table (1) and each agrees with its
Standard Model value.
3.3 Anomalies and Extra Fields
Anomalies have been thoroughly studied in a noncommutative context [13, 10, 14, 30].
The generally accepted conclusion is that in order for a noncommutative theory to be free
of chiral anomalies, the theory must be vector-like.
The matter content introduced so far is chiral, as it must be in order to match the
Standard Model matter content at low energies; we have left-handed (but no right-handed)
fermions under the UB(3) gauge group that will become the SU(2)L group in the low-
energy limit of the theory. To fix the problem we introduce three extra heavy generations,
one for each observed generation. Each particle in these heavy generations must have the
opposite chirality to their Standard Model counterpart.
Although these extra generations circumvent the problems with anomalies, this might
also be possible by adding fewer fields to the theory. However, in the next section we
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will see that these extra heavy generations are essential when writing down the necessary
Yukawa terms for the theory.
We must also add three more fields to the model. As discussed earlier there are two
conditions that need to prevent quadratic divergences arising in the polarisation tensor
of the decoupled U(1) gauge bosons. The first condition is that for each fermion in the
adjoint representation of a gauge group, there is a gauge field or complex scalar that is
also in the adjoint representation (and vice-versa). We have adjoint gauge fields but no
adjoint matter so we add massive adjoint fermion fields, one per microscopic gauge group;
λA, λB and λC . Table 2 summarises the extra matter we have needed to add to the theory.
Field UC(4) UB(3) UA(2) Hypercharge
EL  -2
NL 0
LR =
(
NR ER
) −
  -1
UL 
−
 +43
DL  −23
QR =
(
UR DR
)

−
 +13
λC 
−
 0
λB 
−
 0
λA 
−
 0
Table 2: Representations for the ”extra” fields added to the theory
3.4 Yukawa Couplings
Unlike the Standard Model, multiple Higgs fields are required in order give mass to all the
particles. The Yukawa terms can be arranged into two categories. Firstly, there are terms
that involve fields from the same generation. Secondly, because we have generations with
opposite chirality, we have novel terms involving fields from different generations. Addi-
tionally, as in the Standard Model, there can be the usual mixing between the generations
but we neglect these here for simplicity.
Yukawa terms of the first type are (for one light generation):
ν†RφBA¯l
L
AB¯ + e
R
Aφ
†
B¯
l†LBA¯ + q
L
CB¯φBA¯u
†
RAC¯ + d
R
Cφ
†
B¯
q†LBC¯ + h.c (3.24)
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and for a heavy generation:
N †LφBA¯L
R
AB¯ + E
L
Aφ
†
B¯
L†RBA¯ +Q
R
CB¯φBA¯U
†
LAC¯ +D
L
Cφ
†
B¯
Q†RBC¯ + h.c (3.25)
These terms on their own are not sufficient to give large masses to all those particles
which are not observed at low energies, for example there is a fourth ”colour” of quark
that would not interact with the strong force, as the gauge group has been broken from
SU(4) to SU(3) but would still interact electromagnetically.
The extra three generations in which each particle has the opposite chirality to its Stan-
dard Model equivalent (as introduced in section 3.3 to cure the problems with anomalies)
also cures the problem here. The possible terms that mix a light generation with a heavy
generation are:
E†LA¯φAC¯d
R
C + L
†
RBA¯φAC¯q
L
CB¯ +N
†
LφAC¯u
R
CA¯ + l
L
AB¯φ
†
BC¯
U †LCA¯ + q
L
CB¯φ
†
BC¯
NL + h.c. (3.26)
Notice that in the above generation-mixing terms (which violate baryon and lepton
number) neither of the Higgses with an electroweak scale vacuum expectation appear,
so leptoquark would only occur at a high energy scale, characterised by the a, b and c
vacuum expectation values.
When all possible such Yukawa terms are included, the particle content of the model
at low energies agrees with the observed spectrum of particles. Moreover the form of
the coupling gives a natural explanation for the extremely small mass of the left-handed
neutrino in the three light generations, the see-saw effect will naturally suppress their
masses to be of order v˜2/a although there are enough parameters to keep the neutrinos
in the three extra generations above the experimental bounds.
3.5 The Higgs Potential
The pattern of symmetry breaking and mass splittings in the preceding sections was
dependent on a particular pattern (3.1) of vacuum expectation values for the Higgs fields.
We now will construct a simple example of the scalar potential which generates the vev
structure in Eq. (3.1).
First, using gauge transformations SUB(3), we put φB in the canonical form:
〈φB〉 =

0v
0

 . (3.27)
Next, we require that φ†
B¯
φBA¯ = 0 and further use the SUA(2) and SUB(2) transformations
8
8SUB(2) is the subgroup of SUB(3) which leaves (3.27) invariant.
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to diagonalise φBA¯:
〈φBA¯〉 =

v˜ 00 0
0 b

 . (3.28)
Next we turn to φCB¯ and require that φCB¯φB = 0. We also use SUC(4) to simplify φCB¯
further, such that:
〈φCB¯〉 =


0 0 0
0 0 0
0 0 f
g 0 a

 . (3.29)
At this stage to achieve relatively simple expressions in (3.27),(3.28),(3.29), we have used
all the available gauge symmetry and the orthogonality conditions which follow from the
potential:
λ1|φ†B¯φBA¯|2 + λ2|φCB¯φB|2 . (3.30)
This essentially leaves the third bi-fundamental Higgs unrestricted at this stage,
〈φAC¯〉 =
(
z1 z2 z3 z4
z5 z6 z7 c
)
. (3.31)
Before imposing restrictions on φAC¯ , we would like to first further simplify the expressions
(3.27),(3.28),(3.29).
We introduce another term in the scalar potential,
λ3
(DBB¯ − µ211lBB¯)2 , (3.32)
where DBB¯ is a bilinear combination of Higgs fields:
DBB¯ ≡ φBA¯φ†AB¯ − φ†BC¯φCB¯ + φBφ†B¯ . (3.33)
On the right hand side of (3.33) the indices A¯, A and C¯, C are summed over, but not the
indices B¯, B which are left free, so that DBB¯ transforms in the adjoint of SUB(3). The
scalar potential (3.32) contains a trace over gauge indices, hence B¯, B are finally summed
over, and the Higgs potential (3.32) is a gauge singlet.
At the minimum of the potential (3.32) we have,
|v˜|2 − |g|2 0 −g†a0 |v|2 0
−ga† 0 |b|2 − |a|2 − |f |2

 =

µ21 0 00 µ21 0
0 0 µ21

 , (3.34)
and the vacuum solution is:
g = 0 , |v˜|2 = µ21 = |v|2 , |b|2 − |a|2 − |f |2 = µ21 . (3.35)
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We continue reducing the number of free parameters in the vev structure in a similar
way to the considerations above and introduce another term in the scalar potential:
λ4
(ECC¯ − µ221lCC¯)2 , (3.36)
where ECC¯ is defined as
ECC¯ ≡ φCB¯φ†BC¯ =


0 0 0 0
0 0 0 0
0 0 |f |2 fa†
0 0 f †a |a|2

 . (3.37)
The potential (3.36) is minimal at
a = µ2 , f = 0 , (3.38)
which complements the configuration (3.35).
We now return to the so far unconstrained Higgs field (3.31) and write down new
terms in the scalar potential
λ5
(GAA¯ − µ211lAA¯)2 + λ6 (KCC¯)2 , (3.39)
where
GAA¯ ≡ −φAC¯φ†CA¯ + φ†AB¯φBA¯ , KCC¯ ≡ φCB¯φ†BC¯ − φ†CA¯φAC¯ . (3.40)
The minimum of (3.39) is
z1 = z2 = z3 = z4 = z5 = z6 = z7 = 0 , |c|2 = |a|2 = µ22 , f = 0 . (3.41)
The combined vacuum configuration gives
〈φCB¯〉 =


0 0 0
0 0 0
0 0 0
0 0 µ2

 〈φBA¯〉 =

µ1 00 0
0
√
µ22 + µ
2
1

 〈φAC¯〉 =
(
0 0 0 0
0 0 0 µ2
)
〈φB〉 =

 0µ1
0


which reproduces (3.1).
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Appendix A: UV/IR and the Polarisation Tensor
Our discussion here follows closely the formalism introduced in [6, 7], to which we
refer the reader for further details. To derive the matrix of effective coupling constants,
Eq. (2.2), we use a background perturbation theory and decompose the gauge field Aµ
into a background field Bµ and a fluctuating quantum field Nµ,
Aµ = Bµ +Nµ . (A.1)
The effective action Seff(B) is obtained by functionally integrating over the fluctuating
fields. Gauge invariance constrains the interactions which can be generated in this pro-
cedure. Therefore, the effective action will always contain the kinetic term
Seff(B) ∋ − 1
2g2eff
∫
d4x Tr (Fµν ∗ Fµν) . (A.2)
The factor 1
2g2eff
on the right hand side is identified with the effective coupling constant
at the momentum scale k of the background field Bµ. In order to determine geff it is
sufficient to consider the kinetic term (∂µBν − ∂νBµ)2. In the effective Lagrangian, this
term becomes
2
∫
d4k
(2pi)4
BAµ (k)B
B
ν (−k) ΠABµν (k) . (A.3)
Equation (A.3) defines the polarization tensor ΠABµν (k), which in the effective theory re-
places the tree level transverse tensor k2δµν − kµkν . On general grounds, ΠABµν (k) has the
structure
ΠABµν (k) = Π
AB
1 (k
2, k˜2)(k2δµν − kµkν) + ΠAB2 (k2, k˜2)
k˜µk˜ν
k˜4
. (A.4)
The matrix of the running coupling constants in (2.2) is determined entirely by ΠAB1 (k
2, k˜2)
via [
1
g2eff(k)
]AB
=
δAB
g2micro
+ 4ΠAB1 (k
2, k˜2) . (A.5)
The term in (A.4) proportional to k˜µk˜ν/k˜
4 would not appear in ordinary commuta-
tive theories. It is transverse and has derivative dimension −2; therefore it is of leading
order compared to the standard gauge-kinetic term (which has derivative dimension +2),
and leads to a power-like infrared singular behaviour. It is known that Π2 vanishes for
supersymmetric noncommutative gauge theories, as was first discussed in [5]. For non-
supersymmetric theories, Π2 can potentially present serious problems. For our purposes
however, it will be sufficient to note that for noncommutative theories with a matching
number of bosonic and fermionic degrees of freedom transforming in the adjoint represen-
tation of U(N), the term Π2 is rendered harmless if a certain mass inequality relation is
satisfied, [19]. Hence, for the rest of this Appendix we will concentrate mostly on Π1.
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The action functional which describes the dynamics of a spin-j noncommutative field
in the representation r of the gauge group in the background of Bµ has the general form
[6, 31]
S[φ] = −
∫
d4x φm,a ∗
(−D2(B)δmnδab + 2i(FBµν)ab 12Jµνmn) ∗ φn,b
≡ −
∫
d4x φm,a ∗ [∆j,r]abmn ∗ φn,b . (A.6)
Here a, b are indices of the representation r of noncommutative U(N), F ab ≡∑N2A=1 FAtAab,
and m,n are spin indices and Jµνmn are the generators of the euclidean Lorentz group
appropriate for the spin of φ:
J = 0 for spin 0 fields, (A.7)
Jµνρσ = i(δ
µ
ρ δ
ν
σ − δνρδµσ) for 4-vectors,
[Jµν ] βα = i
1
2
[σµν ] βα for Weyl fermions .
At the one-loop level, the effective action is given by
Seff [B] = − 1
2g2
∫
d4x TrFµν ∗ Fµν −
∑
j,r
αj log det∗∆j,r , (A.8)
where the sum is extended to all fields in the theory, including ghosts and gauge fields.
ghost real scalar Weyl fermion gauge field
αj 1 −12 12 −12
d(j) 1 1 2 4
C(j) 0 0 1
2
2
Table 3: Constants for the various fields in the theory
Functional star-determinants are computed by
log det∗∆j,r ≡ log det∗(−∂2 +K(B)j,r)
= log det∗(−∂2) + tr∗ log(1 + (−∂2)−1K(B)j,r) . (A.9)
The first term on the second line of (A.9) contributes only to the vacuum loops and will
be dropped in the following. The second term on the last line of (A.9) has an expansion
in terms of Feynman diagrams.
Using this method and Eq. (A.3), one can write down the 1-loop expression for the
vacuum polarisation tensor for the gauge bosons in a U(N) noncommutative gauge theory
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with massless fields, all in the adjoint representation, [7],
ΠABµν (k) =
1
2
∑
j
αj
∫
ddp
(2pi)d
[
d(j)MAB(k, p)
(
1
2
(2p+ k)µ(2p+ k)ν
p2(p+ k)2
− δ
µν
p2
)
+2C(j)MAB(k, p)
δµν − kµkν
p2(p+ k)2
]
(A.10)
where we have introduced the tensor
MAB(k, p) = (−dALM sin kp˜
2
+ fALM cos
kp˜
2
)(dBML sin
kp˜
2
+ fBML cos
kp˜
2
) . (A.11)
To proceed further on, we rewrite (A.11) using the relations [32]
fALMfBML = −NcAδAB ,
dALMdBML = NdAδAB ,
fALMdBML = 0 , (A.12)
where cA = 1− δ0A and dA = 2− cA. This way (A.11) collapses to
MAB(k, p) = −N δAB(1− δ0A cos k˜p) . (A.13)
k˜ is defined as k˜ν = kµθ
µν . Loop integrals involving the first term in equation (A.13)
give rise to the planar contribution and are analogous to their commutative counterparts.
Integrals involving the second term in equation (A.13) give the non-planar contribution
and cause the UV/IR mixing. Equation (A.13) already shows that it is exclusively degrees
of freedom associated with the generator T 0 ∝ 1l that will exhibit the UV/IR mixing.
The sum in (A.10) extends over all particles in the adjoint representation that appear
in the loop (gauge fields, ghosts, fermions and scalars). The constants αj , d(j), and
C(j) are as shown in Table (3). Only matter in the adjoint representation is considered
here because matter in the fundamental representation does not contribute to nonplanar
diagrams.
Planar loop integrals are done in the dimensional regularisation, while nonplanar ones
are UV-finite and are calculated directly in 4 dimensions. Nonplanar integrals are per-
formed using ∫
d4p
(2pi)4
eipk˜
p2(p+ k)2
=
2
(4pi)2
∫ 1
0
dx K0(
√
k2x(1− x)|k˜|) , (A.14)
∫
d4p
(2pi)4
eipk˜
p2
=
1
(4pi)2
4
k˜2
, (A.15)
where the Bessel function K0(z) has a small-z expansion
K0(z) = − log z
2
[
1 +
z2
4
+O(z4)
]
− γE − (γE − 1)z
2
4
+O(z4) , (A.16)
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while for large-z it is exponentially suppressed. Using (A.4) and (A.10), planar contribu-
tions to ΠAB1 are given by
ΠAB1 planar =
δAB
4(4pi)2
∫ 1
0
dx b0 log(k
2x(1− x)) , (A.17)
and nonplanar ones are
ΠAB1 nonplanar =
δA0δB0
4(4pi)2
∫ 1
0
dx 2b0K0
(√
k2x(1 − x)|k˜|
)
, (A.18)
Now, using the definition of the running couplings (A.5), and the expansion (A.16) we
derive the asymptotic expressions (2.3),(2.4),(2.5).
In order to generalise to Nf 6= 0 of fundamental flavours of matter fields, we only
need to recall that the fundamental fields in the loops do not contribute to θ-dependent
diagrams, i.e. they contribute only to planar diagrams. Hence,
ΠAB1 planar =
δAB
4(4pi)2
∫ 1
0
dx b
Nf 6=0
0 log(k
2x(1− x)) , (A.19)
ΠAB1 nonplanar =
δA0δB0
4(4pi)2
∫ 1
0
dx 2b
Nf=0
0 K0
(√
k2x(1− x)|k˜|
)
. (A.20)
In order to include spontaneously broken gauge groups we need to add masses to gauge
bosons,
ΠABµν (k) =
1
2
∑
j
αj
∫
ddp
(2pi)d
[
d(j)MAB(k, p)
(
1
2
(2p+ k)µ(2p+ k)ν
(p2 +m2)[(p+ k)2 +m2]
− δ
µν
p2 +m2
)
+2C(j)MAB(k, p)
δµν − kµkν
(p2 +m2)[(p+ k)2 +m2]
]
(A.21)
but it is important to note that the gauge boson masses depend on L and M indices
in (A.11), and one should use (A.11) rather than (A.13) for MAB . In order to proceed,
we represent the final answer for ΠABµν (k) as the contribution of the unbroken (massless)
U(N), plus the correction, originating from∫
d4p
(
1
(p2 +m2L)[(p+ k)
2 +m2M ]
− 1
p2(p+ k)2
)
×
(
fALMfBML cos2
k˜p
2
− dALMdBML sin2 k˜p
2
)
.
(A.22)
The expression on the right hand side is UV-convergent in 4 dimensions, and one can set
k˜ = 0, i.e. remove the nonplanar effective UV cut-off ΛUV = 1/k˜. This is equivalent to
saying that for k˜2 → 0, the log(k˜) terms will cancel in the integral. What is left after
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that is the standard θ-independent expression which corrects the planar SU(N) running
from a massless to a massive case. This has nothing to do with the U(1) running coupling
which is simply given by the massless contribution. From this reasoning, Eqs. (2.8),(2.9)
follow.
Appendix B: Generators of SU(4)
Throughout this paper, the generators of SU(4) are ta = 1
2
T a where a = 1..15 and the
T a are:
T1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 T2 =


0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 T3 =


1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0


T4 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 T5 =


0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0

 T6 =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0


T7 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 T8 = 1√3


1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0

 T9 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0


T10 =


0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

 T11 =


0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

 T12 =


0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0


T13 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 T14 =


0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

 T15 = 1√6


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3


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